The stiffening girder of self-anchored suspension bridge (SSB) is subjected to huge axial force because the main cable is directly anchored on the end of the stiffening girder. To obtain a simple model and accurately understand the mechanical behavior of the whole structure in preliminary design, this paper proposed an analytical calculation method considering the combined effects of the main cable-suspender-stiffening girder. On the basis of the deflection theory of the stiffening girder, the relation between the girder shape and the suspender force was explored. The relation between the main cable end force (MCEF) and the suspender force was derived through segmental catenary theory, and iteration method was further improved to avoid the divergence condition. Finally the solution was obtained through satisfying the compatibility condition. The proposed method does not need to iterate manually and can save calculation time. Examples are introduced to verify the applicability of this method, with the result that this method considers the combined effects of the main cable-suspender-stiffening girder, and the finished bridge state satisfies the minimum strain energy of the stiffening girder. Results also indicate that this method has fast convergence speed and high precision.
Introduction
In the early years (1801-1870), the spans of suspension bridge (SB) were relatively small and the main cables were relatively light, so linear-elastic theories are usually used to study the mechanical behavior of the whole structure. Because the nonlinearity of the main cable and suspender is growing with the increase of the span length, the deflection theory is put forward and rsearchers have done so afterwards. Steinman [1] introduced the traditional analytical method of SB represented by the so-called deflection theory; Jennings [2] modified the deflection theory allowing it for the structural behavior of suspension bridges in which the deck is supported by two or more cables with different profiles; Wollmann [3] presented a practical method for the preliminary analysis of suspension bridges based on the deflection theory. Ohshima et al. [4] presented a practical analysis of a suspension bridge under vertical loads by means of the stiffness matrix method. With the development of computer technology, modern suspension bridges are typically analyzed by using computer programs with nonlinear analysis capabilities based on finiteelement formulations. Jung et al. [5] presented a nonlinear analysis method based on the unstrained element length for determining initial shape of suspension bridges under dead loads. Montoya et al. [6] presented a new methodology to determine the safety of suspension bridge main cables. The approach is the first one incorporating a finite-element (FE) model to predict the cable's failure load, which can account for the load recovery due to friction in broken wires and simulate the reduced cable's strength as a three-dimensional random field.
The finite-element theory was also applied in selfanchored suspension bridges (SSB). Kim et al. [7, 8] proposed a nonlinear shape-finding analysis for a self-anchored suspension bridge. The procedure consists of two successive steps of nonlinear analysis. The first step is for the cable-only system and the second for the total bridge system. In the second step, the fixed boundary of the anchor points of the main cables and hangers treated in first step must be changed manually, which is burdensome.
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Such models based on finite-element theory may have thousands of degrees of freedom. So there is a need for simpler models to better understand the structural behavior in a way not offered by finite-element analysis. Such models are useful for the preliminary design and independent checks of more complex models. And many scholars have been exploring such models.
Tan [9] , based on the analysis of finite displacement theory and analytical iteration method, proposed a determination method of the reasonable finished bridge state of SSB considering the main cable alignment, the force of suspender, and the stiffening girder; Han et al. [10] studied the main cable shape-finding method of SSB with spatial cables. Li et al. [11] , based on the reasonable internal force requirements of SSB main cable and the suspender, put forward a determination method of the reasonable suspender force of SSB, and this method considered the effect of stiffening girder alignment through finite-element method, but it is relatively complicated because the finite-element analysis procedure must be iterated manually.
In summary, so far the analysis method of SSB mainly includes (1) linear-elastic theory and deflection theory; (2) finite displacement theory; (3) finite-element theory; (4) combined method based on finite-element theory and the numerical analytical method. Methods (1) and (2) are effective methods in the early stage, but they have many assumptions and are only suitable for some small span bridges. These two methods are barely used now. Method (3) reduces the assumptions and the calculation result meets the actual circs better. However, the method needs a model with thousands of degrees of freedom, and the model is complex. The fixed boundary also needs to be changed manually in the second step of Method (3), and the calculation time is very long. In Method (4), the main cable is considered through the numerical analytical method, and the stiffening girder is considered through finite-element method. The method is a more accurate calculation for main cable, but the analysis procedure must be iterated manually, which is time-consuming.
So this paper proposes an analytical calculation method considering the combined effect of the main cable-suspenderstiffening girder. Compared to the above mentioned methods, in the method, the main cable and the stiffening girder are all considered through the numerical analytical method; then the calculation procedure has no need to iterate manually, which can save calculation time.
The method also can quickly and effectively find the reasonable finished bridge state of SSB and help designers to better understand the structural behavior in a manner offered by a simpler and accurate model. The paper is organized as follows. Section 2 briefly presents the principle of the proposed method. Sections 3-5 are dedicated to the main cable analysis, the stiffening girder analysis, and the deformation compatibility condition of the calculation model, respectively. Section 6 introduces the numerical calculation process of the proposed method. Examples are provided in Section 7 to illustrate the application of the method. Finally, Section 8 summarizes the findings of this paper and presents some conclusions.
The Principle of the Proposed Method
Self-anchored suspension bridge is a high-order statically indeterminate structure; thus the direct calculation has certain difficulties. In the proposed method, one model is established, which includes three parts, namely, the main cable, the stiffening girder, and the deformation compatibility condition. The main cable and the stiffening girder are analyzed independently, and then they are coupled by the deformation compatibility condition. The discrete graph of SSB is shown in Figure 1 .
As to Part I of the calculation model, the stiffening girder is assumed as a simply supported girder along the whole bridge. The shape of the stiffening girder (SSG) needs to be given firstly, and then calculate the suspender force (SF). The scheme of calculation principle is shown in Figure 2 .
The support of pylon to the stiffening girder is replaced as concentrate forces. The counterweights set at the pylon-girder joint and girder end can also be assumed as concentrate forces at supports, and they have slight influence upon the internal force of the stiffening girder. The MCEF (the main cable end force) eccentrically acts upon the stiffening girder, and, through axis shift formula, it can be divided into a horizontal force acting on the neutral axis of stiffening girder and an additional bending moment 1 as shown in Figure 1 .
As to Part II of the calculation model, the main cable, SF can be given from Part I, and calculate the MCEF satisfying the rise to span ratio and other requirements.
On the basis of deflection theory and the principle of minimum strain energy of the stiffening girder, the SF and MCEF given from Part I and II are substituted into Part III of the calculation model, the deformation compatibility condition, and finally check whether the SF and MCEF satisfy the criterion (the displacements at hanging point equal zero), if they do, the calculation stops; otherwise, modify the SF and repeat the iteration.
When the error of SSG meets the convergence condition of precision requirement, the iteration stops and the last calculation is the expected result.
For SSB with overhanging span, the bearing reaction and the self-weight of anchor span can be equivalent to additional moment 2 and concentrated force -acting on the end of anchor section, as shown in Figure 1 . The influence of shrinkage and creep of concrete pylon to the alignment can be considered by a reduction of the pylon height. And more information could be found in relative references. stiffening stress state can be ensured through the reasonable suspender force, which can be solved by rigid supported continuous beam method, zero displacement method, or minimum bending energy method. The solving process using minimum bending energy method is described as follows. The structural cost can be measured by bending strain energy; thus the smaller the bending strain energy is, the less the materials the structure costs. The bending strain energy of the stiffening girder can be obtained through
According to the principle of minimum bending energy, (bending energy) should meet the following relationship:
where means the suspender force.
Actually, the physical meanings of rigid supported continuous beam method, zero displacement method, and minimum bending energy method are the same as described as (2); that is, the vertical displacement of the suspending point is zero under the joint action of suspender force, the horizontal component of the main cable, and the dead load.
Impact Analysis of SSG to SF.
To complete nonlinear analysis of the stiffening girder, the following two assumptions are made. Hence, the alignment of the stiffening girder is only related to the bending moment.
As shown in Figure 3 , means the uniformly distributed load of stiffening girder self-weight, means the length of girder segment, means the horizontal end reaction of the main cable, means the bending moment at the hanging point, means the shearing force of girder, means the suspender force, and means the alignment of the girder segment under the joint action of the suspender tension force, the horizontal component of the main cable, and the constant load. 0 is the initial camber of the stiffening girder which can meet the precision requirements using designed alignment in calculation. The starting point of the girder segment is assumed as the origin point.
According to (2) , the stress state of the girder end under uniformly distributed load meets equilibrium equation when ensuring that no vertical displacement occurs in points and :
Neglecting the shearing deformation, the equation can be described as follows:
From (3), deflection differential equilibrium equation can be obtained:
In the equation, assume
Because 0 is a continuous function, we can spread out power series at = 0 to conveniently solve the differential equation:
where
In practical calculation, when = 4, the result can meet the precision requirement:
Substitute (9) into the differential equation (4):
Equation (10) is the deflection equation of the girder segment considering geometrical nonlinearity. With the known quantities , , , , 2 , 3 , and 4 and combining with the controlling condition of the minimum strain energy of the stiffening girder, (0) = 0, ( ) = Δ , the expressions of 1 , 2 are given by
For each girder segment, its deflection equation that meets the minimum stain energy theory can be obtained with known and . Besides, the deflection equation should also satisfy the compatibility condition of the stiffening girder; thus
Then differentiate (12):
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In (13), is unknown, and differentiate :
Transform (14) into matrix form:
where Matrix is the influential matrix of SSG to SF, which represents the relationship between (the first derivate increment of the stiffening girder shape) and (the change of suspender force).
can be solved out through known girder shape and then modify ( ) to adjust the suspender force.
Part II of Calculation Model:
The Main Cable Analysis
Under the condition of the known SF, calculated from Part I, Part II is used to calculate MCEF, which satisfies the shape requirements of main cable by shape-finding.
The Segmental Catenary Theory of Main Cable.
For the SSB, the segmental catenary method assumes that the alignment of the main cable is a catenary, which is more approximate with the actual situation. In the main cable calculation, the segmental catenary method is adopted [12] [13] [14] [15] [16] [17] [18] [19] . According to the differential equilibrium equations, geometrical equations, and the physical equations of cable segment, the relation between the shape and the internal force of cable segment is obtained. The calculation scheme is shown in Figure 4 :
In formulas (17) , represents the self-weight of the unstressed main cable, represents the elastic modulus, represents the cross-sectional area, represents the span length of the cable segment, ℎ represents the elevation difference of two ends, and 0 represents the unstressed length of cable segment.
and represent the horizontal and vertical component of cable segment force in the left end.
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The calculation process of the main cable alignment is as follows: assume the value of and and calculate 0 , , and ℎ of each cable segment according to the calculated suspender force, and then check whether the result meets the alignment requirements or not. If it does, calculation stops; otherwise modify the value of and and repeat the above steps till the result meets the shape requirements.
Improved E-M Iteration
The numerical iterative methods of the main cable in the middle span of SB may not converge in some cases. The main reason is that, in the iteration process, the elevation requirements of end points and intermediate points are considered independently, so that the mutual influences between them are ignored. The proposed E-M iteration method considered the elevation requirements of both the ending points and intermediate points; besides, when modifying the horizontal force and vertical force , the influences of ending points elevation error and intermediate points elevation error are considered. As shown in Figure 5 , for any Point on the cable segment, according to the equilibrium equation of moment,
where and represent the horizontal and vertical components of the cable segment force in the left end, represents the suspender force, represents the unstressed length of cable segment, represents the distance from the gravity center of cable segment to Point , represents the distance from hanging point to Point , and represent the horizontal and vertical distances from the left ending point of the main cable to Point , respectively, and represent the elevation of the ending point and the middle point, respectively, and represents the self-weight of the main cable.
Formula (18) can be transformed into
where is a function of and , and the differential of is given by
Substitute formula (19) into (20):
For the ending point, = , = , then
where is the span length of the cable segment. For the middle point, = , then
where is the sag of the main cable at the middle point. Based on formulas (22)- (23), considering the elevation error of the ending and middle points, and are modified:
Then
For a three-span SB, elevations of two pylons are equal and the middle point is at the mid-span of the intermediate span, where = 0, = , = /2, and then formula (25) can be simplified as
. . .
. . . 
− ∑
E-M iteration method is to solve the nonlinear equations (27) and (28) to obtain the numerical solution. For formula (27), Newton method is used to calculate the elevation of the target point; then substitute the elevation error into (28) and modify and ; finally substitute the modified and into (27) to do the new round of iteration. The steps are as follows.
(i) Assume the values of and and substitute them into the main cable shape equation, and calculate the shape of each cable segment through Newton iteration method.
(ii) Check whether the elevation error of ending point and middle point elevation meet the precision requirements (| | < and | | < ); if so, the calculation ends; otherwise, execute step (3).
(iii) Modify , through E-M method, and then substitute the modified and into step (1). The flow chart is shown in Figure 6 .
The Main Cable Shape-Finding in the Side Span.
For the main cable in the side span of SB, the shape-finding can also use formulas (17) . Unlike in the middle span, is known and equals the horizontal component of the main reaction in the middle span, and, in the iteration process, remains constant and only modifies as shown in Figure 7 . Many scholars have done research on this method; then there is no more discussion here. 
Part III of Calculation Model: The Deformation Compatibility Condition
In Part III, SF and MCEF are substituted into the stiffening equation and check whether the SF and MCEF satisfies the SSG; if it does, the calculation stops, and the last calculation is the expected result; otherwise, modify the SF by matrix (Section 3.2) and repeat the iteration process.
The Numerical Calculation Process of the Proposed Method
According to the theories introduced before, an analytical calculation method considering the combined effect of the main cable-suspender-stiffening girder is programmed by VB programing language. The main steps are as follows.
(i) Under the condition of the known SSG (the shape of the stiffening girder), calculate the suspender force 0 ( ) according to the known girder segments , segment length ( ), elastic modulus , cross-sectional moment of inertia , uniform load , design shape equation of the stiffening girder 0 , and the error precision requirement .
(ii) With the suspender force 0 ( ), solve out the horizontal force 0 of the stiffening girder end.
(iii) Substitute 0 and 0 ( ) into the equation of the stiffening girder; then the influence matrix , , and can be obtained.
(iv) Check whether | | meets the precision requirements or not; if | | < , the calculation ends; otherwise modify 0 ( ) ( 0 ( ) = 0 ( ) + ) until | | meet the precision requirements.
(v) Substitute the new 0 ( ) into step (ii); repeat steps (ii) to (iv).
The flow chart is shown in Figure 8 . Figure 9 is the general layout of a self-anchored suspension bridge with the span 8 Mathematical Problems in Engineering arrangement of 150 m + 406 m + 150 m. The suspender spacing arrangement in the side span is 14.5 + 9 × 13.5 + 14 and is 14 + 28 × 13.5 + 14 in the middle span. The theoretical vertex of the main cable is 85 m higher than the theoretical anchorage point. For the stiffening girder, the moment of inertia is = 4.428675 m 4 , the elastic modulus is = 2.1 05 MPa, and the dead load in the first and second phase is = 132 kN/m; for the main cable, the cross-sectional area is = 0.1038 m 2 , elastic modulus is = 1.95 05 MPa, the self-weight is = 8.145 kN/m, and the ratio of rise to span is / = 1/5.8. To simplify the calculation, ignoring the selfweight of the clamp and suspender, neglecting the main cable and saddle modification, the calculation is just based on the theoretical vertex of the main cable, assuming that the left anchorage of main cable is as the coordinate origin, as shown in Figure 9 .
Example Analysis

Example of the Proposed Method.
The stiffening girder linear is designed with a two-way longitudinal slope of 1% and a round curve transition of = 9450 m in the middle ( Figure 10 ).
As shown in Table 1 and Figure 11 , the results of the proposed method can meet the precision requirements ( = Δ / < 10 −5 ) with fast convergence rate (4 times of iteration). And the final suspender force is more even with the maximum of 2119.6 kN in 1# and 51# suspender. Figure 12 indicates that the calculated main cable shape in this method is smooth without any mutation point and it also satisfies the requirement of rise to span ratio of the middle span ( / = 1/5.8). Figure 13 shows that the bending moment of the stiffening girder is distributed uniformly, with the maximum positive and negative bending moment of 2823.6 KN⋅m and 2057.3 kN⋅m, respectively, which occur near to the end of the stiffening girder. Figure 14 is the general layout of a main cable in the middle span. The crosssectional area is = 0.1038 m 2 , elastic modulus is = 1.95 05 MPa, the self-weight is = 8.145 kN/m, and the ratio of rise to span is / = 1/5.8. To simplify the calculation, ignoring the self-weight of the clamp and suspender, the calculation just assumes the left anchorage of the main cable as the coordinate origin ( Figure 14) .
Example of the E-M Method in Part II.
Two examples are presented and compared to verify the convergence of E-M method as follows.
(i) In example 1, the suspender forces are distributed evenly and symmetrically, with the value of mainly around 1800 kN, as shown in Table 2 . Table 3 shows that, after 7 times of iteration, the end point elevation error | | reaches level 10 −4 and the middle point elevation error | | reaches level 10 −5 , meaning that the E-M method has fast convergence rate and high precision.
It can be seen from Table 4 that the unstressed length and the elevation of point calculated by E-M method are symmetric with the middle point. It is mainly because the suspender forces are symmetric with the middle point. 5  6  7  8  9  10  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  25  24  23  22  21  20  19  18  17  16  15  14  13  12  10  9  8  7  6  5  4  3 5  7  9  11  13  15  17  19  21  23  25  27  29  31  33  35  37  39  41  43  45  47  49 2  4  6  8  10  12  14  16  18  20  22  24  26  28  30  32  34  36  38  40  42  44  46  48  50  52 Suspender number Bending moment of stiffening girder (kN·m) Figure 13 : The bending moment diagram of the stiffening girder. (ii) To verify the convergence of E-M method, the suspender forces in example 2 are distributed unevenly and asymmetrically, as shown in Table 5 . Table 6 indicates that although the suspender forces are distributed unevenly and asymmetrically, after 7 times of iteration like example 1, the end point elevation error | | reaches level 10 −5 and the middle point elevation error | | reaches level 10 −5 , which further proves that E-M method has good convergence and high reliability. Table 7 and Figure 15 indicate that the main cable shape in example 1 is smooth mainly because the suspender forces are distributed evenly, while the main cable shape in example 2 is not smooth mainly because the suspender forces are distributed unevenly. In example 1, the lowest point is = 108 m, = −36 m, while in example 2 the lowest point is = 94.5 m, = −39.56 m because the suspender force at = 94.5 m is 7 = 26802.3 kN. However, in either example 1 or 2, the shapes of the main cable all meet the requirements of three fixed-points, proving the high reliability of E-M method.
Summaries and Conclusions
For SSB, since the main cable is directly anchored on the stiffening girder, it is significant to consider the combined effects of the main cable, the suspender, and the stiffening girder. Concerning this issue, we focus on the theoretical researches and method improvements. The following conclusions can be drawn from this paper.
(i) An analytical calculation method considering the combined effect of the main cable-suspender-stiffening girder which cannot be solved in the existing methods is proposed in this paper. The method helps to understand the mechanical behavior of the whole structure in the preliminary design by a simpler model. (ii) Compared to the existing methods, in the proposed method, the main cable and the stiffening girder are all considered through the numerical analytical method, and the calculation procedure does not need to be iterated manually, which can simplify calculation process and save calculation time.
(iii) Using the proposed method, the reasonable finished bridge state satisfying the minimum strain energy theory of the stiffening girder can be obtained by ensuring zero vertical displacement of the hanging point under the joint action of the suspender force, the horizontal component of the main cable, and the dead load.
(iv) To verify the proposed method, examples are introduced, whose calculation results indicate that this method is reliable with fast convergence speed and high precision. The results can meet the precision requirements ( = Δ / < 10 −5 ) with only 4 times of iteration and the calculated main cable shape is Consequently, we expect that the proposed analytical calculation method will provide a brand new way for designers in the SSB preliminary design.
